We consider a hinged elastic beam subject to nonlinear restoring force. Our purpose is to model the roadway of a suspension bridge and the nonlinear action of the hangers. We show that the equilibrium position of the beam under the action of a vertical load displays an oscillating profile. We compare the nonlinear model with the linear model and we study the dependence of the solution with respect to the physical parameters involved.
Introduction
Assume that a hinged beam, of finite length 2R, is subject to the restoring forces of a large number of nonlinear two-sided springs as in Figure 1 . The beam may be seen as a simplified model for the roadway of a suspension bridge and the springs are intended to model the hangers which, in turn, are linked to sustaining cables. Assume that, besides the nonlinear restoring force g due to the springs there is a downwards distributed load p = p(x) acting on the beam. Then, the vertical deformation w of the beam is governed by the semilinear equation EI w (x) − T w (x) = p(x) − g(w(x)) (−R < x < R)
complemented with the hinged boundary conditions w(±R) = w (±R) = 0 .
This is the general equation of a beam having flexural rigidity EI > 0, constant tension T ≥ 0, and subject to both a downwards load p (its weight) and to the restoring action g = g(w) due to some elastic springs; we refer to [3] (see also [7] ) for the derivation of (1). We assume here that g ∈ C 0 (R) is increasing.
It is well-known that the linear Hooke law of elasticity states that for relatively small deformations of an object, the size of the deformation is directly proportional to the deforming force or load. But for large values of the applied force, the deformation of the elastic material is often larger than expected on the basis of the Hooke law. This tells us that a linear law is reliable only for small elongations of a spring. Since we have in mind a suspension bridge and since suspension bridges exhibit large displacements of the beam, see [1, 14, 16] and also the survey of events in [6] , the elastic behavior of the hangers cannot be assumed to be linear. Figure 2 shows the original Tacoma Narrows Bridge (1940) with its wide oscillations (picture taken from [1, p.6] ). In recent years, the nonlinear behavior of several structures became evident to the scientific community, see e.g. [13] ; in particular, the nonlinear behavior of cables [11] and of the restoring action of the hangers [4] has been emphasized.
How different can be the response of a nonlinear restoring force was recently studied by us in several papers [2, 8, 9, 10] in the case of ideal infinite beams. A striking new phenomenon appears, namely a finite space blow up with self-excited oscillation. More precisely, fourth order equations such as (1) exhibit solutions which cannot be continued to the whole real line due to the appearance of wide oscillations yielding lim sup w(x) = +∞ and lim inf w(x) = −∞ as x approaches some finite limit position. We have shown that this phenomenon is not visible in equations of order less than four or in linear equations.
In this paper we aim at studying the same phenomenon in the case of a beam of finite length 2R, identified with the interval [−R, R]. We compare the difference between the solutions of the nonlinear problem (1)-(2) and the solutions of the corresponding linearized problem. We show that the profiles of the solutions of the nonlinear problem exhibit a larger number of oscillations and we study how this discrepancy varies in dependence of the physical parameters in the model.
Following a suggestion by Plaut-Davis [15, Section 3.5] we mainly consider g(w) = kw + εw 3 for some k, ε > 0;
in fact, this nonlinearity is quite common in elasticity models, see e.g. [12, (1) ]. Let us also mention that, in view of the general results in [10] , we expect different nonlinearities to generate the same qualitative behavior within solutions. In order to go directly into the heart of the matter, consider the initial value problem
In Figure 3 we plot the solutions w δ of (5) for δ = 0 (linear case), δ = 0.01, δ = 0.02. Close to x = 0, say for x ∈ [0, 4.5], the solutions are almost identical. Then, the larger is δ, the earlier the oscillation starts. For δ = 0.02 the solution numerically appears to blow up for x ≈ 7.1. The purpose of this paper is to explain these behaviors and to emphasize the difference between the linear and the nonlinear regime in the case of a finite hinged beam subject to superlinear restoring forces. We will show that the presence of δ > 0 creates a phenomenon of self-excited oscillations which increases immeasurably the vibrations of the beam. As a conclusion, we may state that the nonlinear behavior of restoring forces creates fracture in ideal infinite beams whereas it increases the number of vibrations in hinged bounded beams.
Preliminary results

Explicit solutions for the linear equation
Consider first the linear case where g(w) = kw, that is, the springs obey the classical linear Hooke law.
The tension is usually small compared with the flexural rigidity; therefore, we assume that
This assumption gives the "right behavior" to the solutions of (6): indeed, assuming that p is constant, p(x) ≡ p ∈ R, simple calculus arguments show that if T ≥ 0 satisfies (7), then the solutions of (6) have the form
with the coefficients a, b, c, d depending on the boundary or initial conditions. In particular, if we further assume that w satisfies (2) then w is even and it has the form
for some a, b ∈ R depending on R. Too many parameters appear in the explicit form (8) 
For all p ∈ H * (−R, R) we say that w ∈ H 2 ∩ H 1 0 (−R, R) is a weak solution of (1)- (2) if
where ·, · denotes the duality between H * (−R, R) and
, the integral g(w)v makes sense. Weak solutions of (1)- (2), as defined in (9) , are critical points of the energy functional
is a convex function. Hence, the functional J consists in the sum of two quadratic (convex) terms, of an additional convex term containing G, and of a linear term. Therefore, J is convex and since it is continuous and coercive in H 2 ∩H 1 0 (−R, R) it admits a unique critical point, its absolute minimum, which is a weak solution w of (9). If we additionally assume that p ∈ C 0 [−R, R] (in particular, if p is constant) then the weak solution w belongs to C 4 [−R, R] and it is a classical solution of (1)- (2) . Let us summarize these facts in the following Theorem 1. Assume (3) and (7). Then for all p ∈ H * (−R, R) there exists a unique
and w is a classical solution of (1)-(2).
Adimensional form of the equation
With the choice (4), the equation (1) reads
To simplify the task, we restrict our attention to the case of a constant load p(x) ≡ p. After the changes of variables
with τ < 1 in view of (7). The boundary conditions (2) simply become
3 The number of oscillations of the solution of the linear problem When δ = 0, the equation (10) reads
and the solution of (12) satisfying (11) is even for all L > 0; by (8), the general solution of (12)- (11) is
with a and b to be determined in dependence of L. For our convenience we restrict the possible values of L by requiring that a
in such a way that the solution reads
By differentiating we then find that
and it is therefore quite simple to compute the number of critical points of w. Restricting to the half-line x ≥ 0, we see that w (x) = 0 if and only if
A further differentiation yields
By imposing the second boundary condition in (11) we find
and it is clear that
We refer to Figure 4 , where
, for the qualitative description of the position of L k as defined in (16). In fact, since the right hand side of (15) is larger than 1, we know that
Once L k is fixed we may compute γ = γ k by imposing the first boundary condition in (11) and by using (16):
Since L k satisfies (16) we have γ k < 0. Let us summarize the above results in the following statement.
, where L k is defined in (16) and γ k is defined in (17). Then the function
solves the problem
Therefore, w k admits 2k − 1 critical points given by x 0 and ±x j for j = 1, ..., k − 1, see (14) ; in particular, if k = 1 then w 1 only admits the unique critical point x 0 = 0.
Theorem 2 counts the number of critical points of w k . Recalling that the vertical axis is oriented downwards we see that the unique constant solution of (12) is given by
Roughly speaking, we can say that the "target" of w k , who aims to minimize the energy of the beam, is to approach as much as possible the equilibrium position w. In Figure 5 we plot the qualitative graphs of w 1 , w 2 , w 3 . One sees that the first beam is not large enough to allow w 1 to reach P/4. On the other Figure 5 : Graphs of w 1 , w 2 , w 3 , as defined in Theorem 2.
hand, the second beam is large enough and w 2 goes beyond P/4 in order to get close to it after the first maximum point. Finally, the third beam tends to hide the oscillations of w 3 around P/4; after the first maximum, w 3 just slightly oscillates around P/4 and w 3 appears almost constant in the central part of the beam. The same phenomenon becomes more and more evident as k increases, that is, as the length of the beam increases. As a complement to Theorem 2 we may add two more information on the qualitative behavior of w k . First, we may distinguish between maxima and minima points; we have
Then, we formalize the tendency to flatten in the center of the beam as follows
Due to the linear nature of (12), it is clear that the number of critical points of w k does not depend on P . Moreover, we have linked τ to L k through (16). Therefore, the number of critical points of the solution w k of (12)- (11) (for L = L k ) merely depends on k. Theorem 2 states that it equals 2k − 1. In next section we numerically compute the number of critical points of the solution of (10)- (11) and we compare it with 2k − 1; however, for the nonlinear problem, the number of critical points depends both on P and δ. 4 The number of oscillations of the solution of the nonlinear problem
The numerical procedure and its test on the linear equation
In the nonlinear case δ = 0 we do not have explicit solutions of (10)-(11) and we cannot proceed theoretically in order to find the number of critical points of the corresponding solutions. Let us notice that, by the Cardano formula, the unique constant solution of (10) is given by
which coincides with (18) when δ = 0. Assume again that, for a given τ ∈ (0, 1), the length of the beam is given by (16) for some k ∈ N (k ≥ 1). We are interested in finding the number of critical points of the solution of (10)- (11) when L = L k and τ satisfies (16). By symmetry, we may restrict our attention to the interval [0, L k ). This number also depends both on the load P and on the nonlinear coefficient δ; let us denote it by Z(L k , P, δ) := the number of critical points of the solution of (10)- (11) 
Note that Z(L k , P, 0) = k for all P . By putting w(x) = αz(x), one sees that
In particular, (23) states that the number of critical points does not vary if we decrease the nonlinearity and we increase the load (or viceversa) following a suitable rule.
In order to compute Z(L k , P, δ) we proceeded numerically by using the bvptwp code, whose MAT-LAB version was published in [5] . It is an optimized high-quality code. We first tested this numerical approach on the linear case δ = 0. We first chose τ and k, then we computed L k as defined in (16): by a bisection method we found the root of (15) in the interval
with an accuracy of the order of 10 −12 . This choice is motivated by the fact that in our numerical simulations we require a high accuracy. We note that any Newton (or Newton-type) method cannot be used since convergence is not guaranteed by the function behavior close to the searched root. Actually, the bvptwp code has an order which varies from 4 to 8 and we used a stepsize of the order of 10 −3 , so we can expect to compute the solution of (10) with about 10 correct digits.
We then compared the analytical results obtained in Section 3 with our numerical results. To this end, we first note that values of γ k in (17) decrease very quickly when k increases; for example, γ 6 = 4.2 · 10 −32 and γ 12 = 8.8 · 10 −68 when P = 10 and τ = 0.9. Therefore, the computation of w k (x) in Theorem 2 can exhibit a serious loss of significant digits due to the fact that the finite arithmetic sum can be an ill-conditioned operation. Indeed, if one wishes to compute the variations of the solution w k (x) (see Theorem 2) with respect to w(x) = P/4 (see (18)), one is led to introduce the function
where
And if γ k A(x) is less than the machine roundoff unit, one finds V (x) = 0, even though V (x) = γ k A(x) = 0. To avoid this problem we computed γ k A(x) only: this enabled us to compute correct scaled critical values corresponding to the critical points given by (14) . Whence, when we used the bvptwp code, we considered the function z(x) = w(x) − P/4 so that, instead of (12), we consider the problem
We consider here the case k = 12, τ = 0.9, P = 10, L = L 12 = 113.535. In Table 1 in the Appendix we quote the analytical critical points x j (j = 1, ..., 12) given by (14) , the numerically evaluated critical points ξ j , the corresponding scaled critical values V (x j ) (that is, γ k A(x j )) and z(ξ j ), which were obtained solving numerically (25) by bvptwp. It appears clearly that the numerical critical values exhibit a very good accordance with the analytical ones; indeed, they often exhibit more than 7 correct digits. This was somehow expected since we have to consider the effect of both the error by numerical integration and the error in estimating the numerical critical points; the latter is not greater than 3 · 10 −3 , according to the following pattern.
Critical points and critical values are computed as follows. We recall that the bvptwp code provides two vectors: the vector of the grid points built by dividing the integration interval [0, 2L k ] into N subintervals, assuming the integration stepsize h = 2L k /N, and x n = nh for n = 0, 1, ...N , together with the vector of the computed approximations z n of z(x n ). Then we implement a routine that rescales the integration interval which becomes [−L k , L k ] and checks if the origin is a local maximum or minimum. If the origin is a maximum, our routine looks for a local minimum, which is the first grid point where the solution value is followed by a larger value and then it goes on seeking a local maximum, which is the first grid point where the solution value is followed by a smaller value, and so on. The contrary happens when the origin is a local minimum. It is clear that for increasing N and decreasing h, the error is decreasing. For Table 1 we chose N = 90000 so that h = 0.00252; therefore the absolute error in the estimated critical point ξ j is not greater than 3 · 10 −3 . The corresponding values z(ξ j ) may not be the exact critical values, they are computed at the closest point ξ j of the grid.
Numerical results in the nonlinear case
We consider here (10)- (11) with δ > 0. In order to compute the critical points and the critical values by the bvptwp code, we introduce the variable z(x) = w(x) − W (δ, P ) where W (δ, P ) is defined in (21).
Then, instead of (10)- (11), we consider the problem
If we fix δ = 0.1, L = L 12 = 113.535 (k = 12), and we take τ = 0.9 and P = 10, then we have W (δ, P ) = 2.224723963 in (21). The computed critical points ξ i and corresponding critical values z(ξ j ) are reported in Table 2 in the Appendix. In this case the origin is a maximum and the number of critical points is larger than in the linear case and, consequently, the last maximum, which is the absolute maximum, is closer to the right end of the integration interval. In order to check this behavior, we considered some different values of δ and τ whereas we always assumed P = 10 in view of (23). The detailed results are contained in the Appendix. In Figure 6 we quote the plots of the map Z(L k , P, δ) for different values of its arguments. Tables 3-4, Tables 5-6, and Tables 7-8 suggest that
• in turn, by (23), this enables us to infer that the map P → Z(L k , P, δ) is increasing;
• Tables 3-5-7 on one hand and Tables 4-6-8 on the other hand, suggest that the map τ → Z(L k , P, δ) is increasing;
• Tables 3-5-7 on one hand and Tables 4-6-8 on the other hand, suggest that the maps τ → M l and τ → M nl are decreasing.
Moreover, it seems that M l > M nl for small τ while M l < M nl for large τ .
Recalling the meaning of the parameters, we may conclude that a stronger nonlinearity of the restoring force, an increasing load, an increasing tension of the sustaining cable, all contribute to increase the number of vibrations within the beam. Moreover, the displacements from equilibrium (M l and M nl ) are decreasing with respect to the tension τ . Finally, the map k → Z(L k , P, δ) − k is increasing; since k somehow measures the length of the beam, as k → ∞ we obtain the limit situation of an infinite number of oscillations, as shown in detail in our previous papers [8, 10] . [16] Tacoma Narrows Bridge collapse, http://www.youtube.com/watch?v=3mclp9QmCGs
Appendix: numerical tables
Here we present the tables referred in Section 4. Table 1 compares critical points x j of (25) (as given by (14)), rounded to 5 digits, with their numerical approximation ξ j and critical values V (x j ) with their numerical approximations z(ξ j ), when k = 12, τ = 0.9, P = 10. (14) and their numerical approximation when δ = 0, k = 12, τ = 0.9, P = 10. Table 2 shows computed values of the critical points ξ j of the solution of (10) together with their corresponding critical values z(ξ j ), when δ = 0.1, k = 12, τ = 0.9, P = 10. Note that the number of critical points has increased from 12 to 19. Table 2 : Numerical values of the critical points and critical values of the solution of (10) when δ = 0.1, k = 12, τ = 0.9, P = 10.
We now consider different values of δ and τ whereas we keep P = 10 fixed: by (23) the variations with respect to P may be deduced by corresponding variations with respect to δ. Table 3 shows our results for δ = 0.1, τ = 0.1, P = 10. The number M l denotes the absolute maximum of V (x) as defined in (24), while M nl denotes the absolute maximum of the solution z(x) of (26); in this case, we have W (δ, P ) = 2.224723963 in (21). Finally, Z(L k ) denotes the number of critical points of the solution of (10)- (11) Table 3 : For varying k, absolute maximum and number of critical points of the solution of (10) when δ = 0.1, τ = 0.1, P = 10. Table 4 shows our results for δ = 16, τ = 0.1, P = 10. The number M l denotes the absolute maximum of V (x) as defined in (24), while M nl denotes the absolute maximum of the solution z(x) of (26); in this case, we have W (δ, P ) = 0.7579901138 in (21). Again, Z(L k ) denotes the number of critical points of the solution of (10)- (11) in the interval [0, L k ), see (22). We also tried δ = 60 (with τ = 0.1 and P = 10) which yields W (δ, P ) = 0.5100184968 in (21): then for k = 20, δ = 60, τ = 0.1, P = 10, we found Z(L k ) = 38 and M nl = 0.0240770757. Table 4 : For varying k, absolute maximum and number of critical points of the solution of (10) when δ = 16, τ = 0.1, P = 10.
Then we varied τ . Table 5 shows our results for δ = 0.1, τ = 0.5, P = 10. The number M l denotes the absolute maximum of V (x) as defined in (24), while M nl denotes the absolute maximum of the solution z(x) of (26); in this case, we have W (δ, P ) = 2.224723963 in (21). Again, Z(L k ) denotes the number of critical points of the solution of (10)- (11) in the interval [0, L k ), see (22). Table 6 shows our results for δ = 16, τ = 0.5, P = 10. The number M l denotes the absolute maximum of V (x) as defined in (24), while M nl denotes the absolute maximum of the solution z(x) of (26); in this case, we have W (δ, P ) = 0.75799011 in (21). Again, Z(L k ) denotes the number of critical points of the solution of (10)- (11) Table 5 : For varying k, absolute maximum and number of critical points of the solution of (10) when δ = 0.1, τ = 0.5, P = 10. Table 6 : For varying k, absolute maximum and number of critical points of the solution of (10) when δ = 16, τ = 0.5, P = 10. Table 7 shows our results for δ = 0.1, τ = 0.9, P = 10. The number M l denotes the absolute maximum of V (x) as defined in (24), while M nl denotes the absolute maximum of the solution z(x) of (26); in this case, we have W (δ, P ) = 2.224723963 in (21). Again, Z(L k ) denotes the number of critical points of the solution of (10)- (11) Table 7 : For varying k, absolute maximum and number of critical points of the solution of (10) when δ = 0.1, τ = 0.9, P = 10. Table 8 shows our results for δ = 16, τ = 0.9, P = 10. The number M l denotes the absolute maximum of V (x) as defined in (24), while M nl denotes the absolute maximum of the solution z(x) of (26); in this case, we have W (δ, P ) = 0.7579901138 in (21). Again, Z(L k ) denotes the number of critical points of the solution of (10)- (11) Table 8 : For varying k, absolute maximum and number of critical points of the solution of (10) when δ = 16, τ = 0.9, P = 10.
